Abstract. We give a reduction formula for the Waring's number g(k, q) over a finite field F q . By exploiting the relation between g(k, q) with the diameter of the generalized Paley graph Γ(k, q) and by using the characterization of those Γ(k, q) which are cartesian descomposable due to Pearce and Praeger (2016), we obtain the formula
Introduction
This work is a natural continuation of [15] where we begin the study of Waring's numbers over finite fields through generalized Paley graphs. Here, we will obtain a general reduction formula for Waring's numbers over finite fields. Recall that the Waring's number g(k, q) is the minimal integer s such that every element of F q can be expressed as a sum of a number s of k-th powers in F q . Since g(k, q) = g(k ′ , q), where k ′ = (k, q − 1) = gcd{k, q − 1}, we will always assume that k | q − 1 for if not we trivially have g(k, q) = g(1, q) = 1.
Let q = p m with p a prime number and k a non-negative integer with k | q − 1, the generalized Paley graph (GP-graph for short) is the Cayley graph (1.1) Γ(k, q) = Cay(F q , R k ) with R k = {x k : x ∈ F undirected. Assuming further that k | q− 1 2 in the case p is odd one has that Γ(k, q) is a simple graph. When k = 1 we get the complete graph Γ(1, q) = K q and when k = 2 we get the classic Paley graph Γ(2, q) = P (q).
GP-graphs have been extensively studied in the past few years. Lim and Praeger studied their automorphism groups and characterized all GP-graphs which are Hamming graphs ( [8] ). Also, Pearce and Praeger characterized all GP-graphs which are cartesian descomposable ( [12] ). Both classic Paley graphs and GP-graphs have been used to find linear codes with good decoding properties ( [2] , [7] , [17] ). They can also be seen as particular regular maps in Riemann surfaces ( [5] ). Under some mild restrictions, the spectra of GP-graphs determines the weight distribution of their associated irreducible codes ( [14] ).
There are many upper bounds for general Waring's numbers, but very few exact formulas (see §2 in [15] for a brief survey). From these exact formulas, the one given by Kononen (see [6] ) stands up, generalizing a previous result of Winterhof and van de Woestijne in [21] . Kononen proved that if p and r are primes such that p is a primitive root modulo r m for some m then ⌋ if r ≥ p.
Kononen used the result in [21] , which corresponds to the case m = 1, to prove (1.2) and (1.3).
If the GP-graph Γ = Γ(k, q) is connected (not necessarily simple), we have the following relation (see for instance [15] ) (1.4) g(k, q) = δ(Γ) where δ(Γ) is the diameter of Γ. By using (1.4) in the case when Γ is cartesian decomposable, and the fact that the diameter of the cartesian product of graphs is the sum of the diameters of its factors, we will find a reduction formula for Waring's numbers. In fact, if Γ = b Γ 0 then we will obtain
for certain integers u and b. That is, we express a Waring's number over a finite field F q b in terms of a Waring's number over a smaller field F q . To our best knowledge, there is no other exact reduction formula of this kind. There is, however, a similar upper bound due to Winterhof ([20] ) asserting that
, p .
We will use the reduction formula (1.5) to find another proofs of the expressions (1.2) and (1.3) as particular cases. Moreover, we will obtain the equality in (1.6) under some arithmetic conditions. Now, we briefly summarize the results of the paper. In Section 2, we consider GP-graphs Γ(k, q) which are cartesian decomposable. Using the characterization of these graphs in [12] , in Theorem 2.2 we get a reduction formula for the associated Waring's numbers g(k, q) where q = p m with p prime and m = ab for certain integers a, b. In Section 3 we consider the case b prime. In the next section, we study the divisibility conditions in Theorem 2.2 in terms of divisibility properties of
for integer x. This section is elementary but somewhat technical and can be skipped it in a first reading. In Section 5, we apply these divisibility conditions to provide more explicit reduction formulas for g(k, q). We then reobtain (1.2) and (1.3) as a special case of these formulas.
Finally, we consider strongly regular GP-graphs. These graphs are determined by the spectra of two-weight irreducible cyclic codes satisfying k | q−1 p−1 (see [14] ). In [18] , Schmidt and White conjectured that there are only three disjoint families of this kind of codes and therefore three disjoint families of strongly regular GP-graphs. Since strongly regular GP-graphs have diameter 2 we get that g(k, q) = 2 for those k and q corresponding to these graphs. Lastly, we use these graphs together with reduction formula (2.2), to obtain more exact values for Waring's problem.
A reduction formula from decomposable GP-graphs
The cartesian product of graphs
is connected with (w 1 , . . . , w b ) if and only if there exists only one j ∈ {1, . . . , b} such that v j is connected with w j in Γ j and v i = w i for all i = j. Similarly, when Γ 1 , . . . , Γ b are directed graphs, one can define the directed cartesian product, in the same way as before, by considering arcs instead of edges.
Let Γ be a simple GP-graph which is cartesian decomposable. By the characterization in [12] , Γ is a product of copies of a single GP-graph. More precisely, if Γ is simple and connected the following conditions are equivalent: Recall that an integer e is a primitive divisor of p m −1 if, by definition, e | p m −1 and e ∤ p t − 1 for any t < m. For simplicity, we will denote this fact by
when p is odd and it is connected if n = q−1 k is a primitive divisor of q − 1.
Remark 2.1. Proceeding similarly as in [12] it can be proved that if the GPgraph Γ 0 = Γ(u, p a ) is a connected directed graph and also m = ab with b > 1 and n = bc † p m − 1 then Γ is the directed cartesian product of b-copies of Γ 0 , i.e, Γ(
In fact, the proof of the implication (c) ⇒ (b) in (2.1) also works for directed cartesian products (see the proofs of Lemmas 2.4, 3.1 and 3.3 in [12] ). Although we do not have a characterization for cartesian products of directed graphs, this implication will be enough for our purposes in the forthcoming results.
The case studied in [8] and [15] correspond to Γ 0 = Γ(u, p a ) being the complete graph, which in terms of GP-graphs is when u = 1. In this case, Γ = b Γ 0 is the Hamming graph H(b, q). Hence, it is always a connected simple graph and thus we do not have to prove that n † p m − 1.
We now give a reduction formula for Waring's numbers. 
Proof. Clearly, (2.3) holds for b = 1. If b > 1, by Remark 2.1, we have that
where p i denotes the canonical projection to the i-th coordinate. Thus, the diameter of Γ is b-times the diameter of Γ 0 , i.e.
By hypothesis, Γ 0 is connected and hence the Waring's number g(u, p a ) exists and equals the diameter of Γ 0 = (u, p a ) by Lemma 3.1 and Theorem 3.3 in [15] . Similarly, since bc is a primitive divisor of p ab − 1, the Waring's number g(k, p ab ) exists (Γ = Γ(k, p ab ) being connected) where
and equals the diameter of Γ(k, p ab ). Therefore, from (2.4) we get g(k, p
We now give an equivalent condition for the statement "n is a primitive divisor of p m − 1" in terms of divisors of n and m.
Lemma 2.3. Let p be a prime, let a, b, c be positive integers such that c †p a −1. Then, bc † p ab − 1 if and only
Proof. Let n = bc and m = ab. If n † p m − 1, then n clearly satisfies conditions (a) and (b) in the statement. Now, assume that n satisfies conditions (a) and (b). We only have to prove that n ∤ p t − 1 for all 1 ≤ t ≤ m − 1. On the one hand, if t < a then n cannot divide p t − 1, since c divides n and c is a primitive divisor of p a − 1. On the other hand, if a ≤ t ≤ m = ab and n | p t − 1 we necessarily have that a | t. Indeed, if t = ad + e with 0 ≤ e < a − 1 then
(mod c).
The primitive divisibility of c implies that
Putting together Theorem 2.2 and Lemma 2.3 we have the following direct consequence.
Corollary 2.4. Let p be a prime and a, b, c integers.
In the sequel we will need the following notation
for a positive integer b and x = 1. , where n = bc and m = ab, then (2.3) takes the form
Remark 2.6. We now compare the reduction formula (2.3) with Winterhof's inequality (1.6). Clearly, the only possibility for the parameters in (1.6) to be as in equation (2.3) is the following:
In this way, for the above parameters equality holds in Winterhof's inequality and turns out to be a special instance of (2.3) in this case. In particular, if we take c = p − 1 we get g(
This expression was recently obtained in [15] and in terms of graphs corresponds to the diameter of Hamming GP-graphs.
Reduction formula when b is prime
In this short section we restrict ourselves to the case that b in Theorem 2.2 is a prime number and give conditions for the corresponding reduction formula for the Waring number over F q ab . Proposition 3.1. Let p and r be distinct primes and let a, c be positive integers such that c † p a − 1. Put m = ar, n = rc and u =
a − 1 and r ∤ u. Conversely, if r | p a − 1 and r ∤ u, then n † p m − 1 and we have that
Proof. Put x = p a and notice that if n = rc and k =
for all t. By hypothesis n ∤ p t − 1 for 1 ≤ t < m. In particular, taking t = a we obtain that r ∤ u by (3.2). Since n | p m − 1 we have that r | u Ψ r (x), by (3.2). Thus, r | Ψ r (x) since r is prime and r ∤ u. By Lemma 5.2 in [15] , taking t = 1 and h = 0, we obtain that x ≡ 1 (mod r) as we wanted. Now assume that x ≡ 1 (mod r) and r ∤ u. By Theorem 2.2, we only have to prove that n † p m − 1. By Lemma 2.3, it is enough to prove that n | p ar − 1 and n ∤ p aℓ − 1 for all 1 ≤ ℓ ≤ r − 1. Clearly x ≡ 1 (mod r) implies that r | Ψ r (x) and by hypothesis c | x − 1. Thus
and by (2.5) we have that Ψ r (x)(x − 1) = x r − 1, i.e. n | p ar − 1 as we wanted. Now, put t = aℓ with 0 < ℓ ≤ r. It is enough to prove that ℓ = r. Notice that
and this is equivalent to r | u Ψ ℓ (x) with x = p a . We have x ≡ 1 (mod r), by hypothesis, and hence u Ψ ℓ (x) ≡ uℓ (mod r).
Thus, u Ψ ℓ (x) ≡ 0 (mod r) if and only if r = ℓ since 0 < ℓ ≤ r and r ∤ u. Therefore, n † p m − 1 and hence (3.1) holds by Theorem 2.2 as desired.
Example 3.2. Let p = 7, r = 3, u = 2 and a = 1. Since 7 ≡ 1 (mod 3) and 3 ∤ 2, by Proposition 3.1 we have that g(38, 343) = g( 2 3
(7 2 + 7 + 1), 7 3 ) = 3g(2, 7) = 6.
since it is well-known that g(2, p) = 2 for all prime p.
As a direct consequence of the above proposition we obtain the following. is odd, then
In particular, for any odd prime p we have
Proof. The first expression follows by the previous proposition with r = 2. We have m = 2a and it is enough to show that n = 2c divides p 2a − 1. But this is obvious because p 2a − 1 = (p a − 1)(p a + 1) and we have c | p a − 1 and 2 | p a + 1, and we are done.
For the second expression, taking c = 2 and a = 1 we have g(
for every prime p. 
Arithmetic properties of Ψ b (x)
In this section we give some divisibility properties for Ψ b (x) with x ∈ Z, that will be used in the next section to obtain reduction formulas for Waring's numbers in some general cases.
We will denote by ord b (a) the order of a modulo b. We point out here that
We begin by recalling Lemmas 5.2 and 5.3 from [15] .
Lemma 4.1 ([15]
). Let r be a prime and x, t positive integers. Therefore, r t | Ψ r t (x) if and only if ord r t (x) = r h for some 0 ≤ h ≤ t − 1. We now give some divisibility properties for Ψ b (x) in the case when b is a prime power. Proposition 4.3. Let r be an odd prime, t, h, ℓ ∈ N and β ∈ (Z r t ) * with ord r t (β) = r h . Then, we have the following:
(
Proof. To prove (a), notice that
Now, taking into account that
Since r is odd, it is enough to show that
By the basic theory of Z * r u , we can choose some α which generates Z * r u for all u ≥ 1 such that β = α j(r−1)r t−1−h with j coprime with r. Clearly (r−1)r t−1−h = ϕ(r t−h ) and by Euler's Theorem
Thus r t−h | β − 1, which implies that for all i we have
Then
To prove (b), notice that 2h ≤ t implies h ≤ t − h and then r h | r t−h . On the other hand, by (4.5) we have r t−h | β i − 1 for all i. Hence β i ≡ 1 (mod r h ) for all i and we obtain Ψ ℓ (β) ≡ ℓ (mod r h ).
By hypothesis, we have r h ∤ ℓ and therefore r h ∤ Ψ ℓ (β), as we wanted.
For (c), we have that
By ciclicity, since ord r t (β) = r h , we obtain
and
Clearly, equation (4.3) is a consequence of these last two congruence equalities.
Finally, (d) follows from the identity Ψ ℓ (β) =
for β = 1, and the proposition is proved.
The following result will be crucial in the proof of the reduction formula for Waring's numbers that we will give in the next section.
Proposition 4.4. Let r be an odd prime and t, x be positive integers. If ord r t (x) = r h for some h ≤ t − 1, then r t ∤ Ψ s (x) for all s ∈ {1, . . . , r t − 1}.
Proof. For convenience, we will first prove three claims.
Claim 1.
The assertion in the statement is true for 2h ≤ t.
Suppose that 2h ≤ t and let s ∈ {1, . . . , r t − 1}. On the one hand, if r h ∤ s, by part (b) of Lemma 4.3 we have that r h ∤ Ψ s (x) and then r t ∤ Ψ s (x). On the other hand, if s = ℓr h for some ℓ, by parts (a) and (c) of Lemma 4.3 we have
It is not difficult to see that if 2h + 1 ≤ t, then r h+1 ∤ Ψ ℓ (x) for all ℓ with 1 ≤ ℓ ≤ r h+1 −1, since in this case ord r h+1 (x) = 1. In particular, r h+1 ∤ Ψ r h (x).
Suppose that r h+1 | Ψ r h (x) for some h such that ord r t (x) = r h . Thus, there exists a minimal integer h with t−1 2 < h < t satisfying the property r h+1 | Ψ r h (x) with ord r t (x) = r h .
By part (d) of Lemma 4.3, we have that Ψ r h (x) = Ψ r h−1 (x r )Ψ r (x) and hence r h | Ψ r h−1 (x r ) or r 2 | Ψ r (x), since r | Ψ r (x) because x ≡ 1 (mod r).
Notice that if ord r t (x) = r h , then ord r t (x r ) = r h−1 , by minimality, we obtain that r h ∤ Ψ r h−1 (x r ). On the other hand, since the order of x is a power of r modulo r 2 , we have that ord r 2 (x) is r or 1. Clearly, if ord r 2 (x) = 1 then Ψ r (x) ≡ r (mod r 2 ) and thus r 2 ∤ Ψ r (x). If, otherwise, ord r 2 (x) = r, by Claim 1 we obtain that r 2 ∤ Ψ r (x). These facts imply that r h+1 ∤ Ψ r h (x). ♦ Claim 3. If r h ∤ Ψ ℓ (x) for all ℓ ∈ {1, . . . , r h − 1} and r h+1 ∤ Ψ r h (x) then r t ∤ Ψ s (x) for all s ∈ {1, . . . , r t − 1}.
Let s ∈ {1, . . . , r t − 1} such that r h ∤ s. Then, s = wr h + ℓ for some ℓ ∈ {1, . . . , r h − 1}. By part (c) of Lemma 4.3, we have that
On the first hand we have that r h | r t since h < t, and thus the previous congruence holds modulo r h . On the other hand, we have r h | Ψ r h (x) since ord r h (x) = 1 or r 2h−t depending whether 2h ≤ t or 2h > t, respectively. Thus, we have that
By hypothesis, r h ∤ Ψ ℓ (x) for all ℓ ∈ {1, . . . , r h −1}. This implies that r h ∤ Ψ s (x) for all s ∈ {1, . . . , r t − 1} with r h ∤ s. By transitivity, r t ∤ Ψ s (x) for all s ∈ {1, . . . , r t − 1} such that r h ∤ s.
Assume now that s = wr h with w ∈ {1, . . . , r t−h − 1}. By part (c) of Lemma 4.3, we have that
Notice that if r t | Ψ s (x), necessarily r h+1 | Ψ r h (x) since the r-adic value of w is strictly less than r t−h . By hypothesis r h+1 ∤ Ψ r h (x) and then r t ∤ Ψ s (x) for s = wr h with w ∈ {1, . . . , r t−h − 1}. This complete the cases, i.e. r t ∤ Ψ s (x) for all s ∈ {1, . . . , r t−h − 1} and the claim is proved. ♦ Now, we proceed by induction on t. Claim 1 implies that the statement holds for t = 1 and t = 2. Suppose now that t > 1 and the statement holds for all of t ′ < t. By Claim 1, it is enough to show the assertion for 2h > t. Then, assume that 2h > t. By taking h ′ = 2h − t, we obtain that
since h < t. By induction, we obtain that r h ∤ Ψ ℓ (x) for all ℓ ∈ {1, . . . , r h − 1} and by Claim 2 we have that r h+1 ∤ Ψ r h (x). Therefore, Claim 3 implies that r t ∤ Ψ s (x) for all s ∈ {1, . . . , r t − 1}, as desired.
Reduction formula for general factors
In this section, using the results from the previous one, we give conditions to have a reduction formula for Waring's numbers of the form (see Remark 2.5)
in some different cases. We first consider the case when b is a prime power. and n = cr t for some t ∈ N.
If o r t (p a ) = r h and (u, r) = 1, then n † p ar t − 1 and
Proof. Let m = ar t , by Lemma 2.3, it is enough to prove that n divides p m − 1 and n does not divide
We have o r t (x) = r h , by hypothesis, and hence r t | Ψ r t (x), by Lemma 4.1. That is, n | p m − 1. On the other hand, it follows from Proposition 4.4 that
The last statement follows directly from Theorem 2.2, and the proposition is thus proved.
We now give the reduction formula in more generality, for any odd b. 
Proof. We will prove this by induction on s. The case s = 1, is a direct consequence of the last proposition. So, assume that s > 1.
we have that
Since ord r ts s (p a ) is a power of r s , then the order of p abs is a power of r s too.
Now we prove that u ′ and r s are coprime. Since the order of p a modulo r ts s is a power of r s , then the order of p a modulo r s is 1, i.e p a ≡ 1 (mod r s ). Thus, we have that
and thus r s ∤ Ψ bs (p a ) since (b s , r s ) = 1. On the other hand, by hypothesis, r s is coprime with u. Therefore r s is coprime with u ′ since u ′ is a divisor of u · Ψ bs (p a ). 
By the inductive hypothesis g(u ′ , p abs ) = b s · g(u, p a ), and hence
as we wanted to see.
As a direct consequence we have the following. Recall that if b = r .2) holds. In particular, we have that
Proof. Let x = p a . By Theorem 5.2 it is enough to show that ord r
.
) and ϕ(rad(b)) | a by hypothesis, the Euler-Fermat's theorem implies that Ψ 225 (p 8 ), p 1.800 ) = 450.
Kononen's result as a particular case. In [6] , Kononen proved that if p and r are primes such that p is a primitive root modulo r m for some m then
where ϕ is the Euler's function. If, in addition, p and r are odd primes, then
The case m = 1 was first proved by Winterhof and van de Woestijne in [20] . We now show how (5.4) follows as a particular case from the case m = 1 and the reduction formula given in Theorem 2.2. A strongly regular graph with parameters v, κ, e, d, denoted by srg(v, κ, e, d), is a κ-regular graph with v vertices such that for any pair of vertices x, y the number of vertices adjacent (resp. nonadjacent) to both x and y is e ≥ 0 (resp. d ≥ 0). Strongly regular graphs are distance regular graphs with diameter δ = 2 if d = 0. Moreover, they are characterized by their spectra in the connected case. More precisely, if Γ is a connected graph, then Γ is a strongly regular graph if and only if it has three distinct eigenvalues. Proof. If Γ is a simple connected strongly regular graph, then δ(Γ) = 2, and by (1.4) we then have that g(k, p m ) = 2.
, there is a direct relationship between the spectra of GP-graphs Γ(k, q) and the weight distribution of certain irreducible cyclic codes C(k, q) over F p (see [14] ). In [18] , Schmidt and White conjectured that all two-weight irreducible cyclic codes over Exceptional codes: correspond to the values in Table 1 below. In this case we say that (k, p m ) is an exceptional pair. In terms of graphs, the Schmidt and White's conjecture says that there are only three different kind of GP-graphs which are strongly regular, because their related graphs have only three eigenvalues (two nontrivial eigenvalues which correspond with the nonzero weights of the corresponding code).
The next result gives the Waring's number for all known strongly regular GP-graphs Γ(k, p m ) with k |
Thus, it is enough to proof that n is always a primitive divisor of p m − 1.
and thus n ∤ p a − 1. Therefore, n † p m − 1. We have that Γ(k, p m ) is a simple connected strongly regular graph and hence, by Proposition 6.1, we have that
For the exceptional cases, the multiplicity of the eigenvalue n = q−1 k is 1 in all these cases (see [14] ) and thus Γ is connected. Thus, by Proposition 6.1 we obtain that g(k, p m ) = 2 for all the values in Table 1 . Proof. To prove (a), let p ≡ 1 (mod 3). Since
for all m we have that g(3, p 3m ) = 2 by (b) in List 1 above. That is to say, the graph Γ(3, p 3m ) has diameter 2 and is connected. On the other hand, by Theorem 6.1 in [14] , the spectrum of Γ(3, p 3m ) has 4 different eigenvalues in the case p ≡ 1 (mod 3), and hence Γ(3, p 3m ) is not a strongly regular graph. Since strongly regular graphs are exactly those distance regular graphs with diameter 2, we have that Γ(3, p 3m ) is not a distance regular graph, as desired. The case (b) is proved similarly by using Theorem 6.3 in [14] in this case. We now give some arithmetic conditions on u, p, a such that (7.1) holds. We consider the case when b is a prime power and (u, p a ) a semiprimitive pair.
Theorem 7.1. Let p, r be different primes with r odd and let a, t, u be positive integers. Suppose that ord r t (p a ) = r h for some 0 ≤ h ≤ t − 1. We have the following cases:
(a) If r ∤ p ℓ + 1, u | p ℓ + 1 with u > 1 and r − 1 | 2sℓ for some s, ℓ positive integers with s > 1, then for all t ∈ N we have g( u r t Ψ r t (p 2sℓ ), p 2sℓr t ) = 2r t .
(b) If r − 1 | 2ℓ and r ∤ u for u proper divisor of p ℓ + 1 with ℓ a positive integer, then for all t ∈ N we have g( u r t Ψ r t (p 2ℓ ), p 2ℓr t ) = 2r t .
Proof. Notice that in the case (a) the pair (u, p a ) is semiprimitive, and the same occurs with the pair (u, p 2ℓ ) in (b). That is, the associated graph is srg in each case. On the other hand, by hypothesis r ∤ p ℓ + 1 and r ∤ u, and this implies that (u, r) = 1 in both cases. Thus ord r t (p a ) = r h and hence n = r t p a −1 u is a primitive divisor of p ar t − 1, by Proposition 5.1. The result follows from (7.1) above. In particular, (7.2) holds if p is primitive modulo r with r > 3.
(ii) If s = 1 and r ∤ u with u a proper divisor of p r−1 2 + 1, then by (b) of Theorem 7.1, (7.2) holds for every t ∈ N. 
